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We now pose the decision maker's choice problem in the general framework 
developed in Chapter I (see Section I .B). In accordance with our consequentialist 
premise, we take the set of alternatives, denoted here by ff', to be the set of all simple 

lotteries over the set id' outcomes C. We next assume that the decision maker has a 
rational preference relation <:; on Y, a complete and transitive relation allowing 
comparison of any pair of simple lotteries. It should be emphasized that, if anything, 
the rationality assumption is stronger here than in the theory of choice under certainty 
discussed in Chapter I. The more complex the alternatives, the heavier the burden 
carried by the rationality postulates. In fact, their realism in an uncertainty context 
has been much debated. However, because we want to concentrate on the properties 
that are specific to uncertainty, we do not question the rationality assumption further 
here. 

We next introduce two additional assumptions about the decision maker's 
preferences over lotteries. The most important and controversial is the independence 

axiom. The first, however, is a continuity axiom similar to the one discussed in Section 
3.C. 

Definition 6.8.3: The preference relation <:; on the space of simple lotteries !£' is 
continuous if for any L, L', L" E .'./', the sets 

: a E [O, 1J: al + (1 - a)L' <:; L"} c [O, 1] 

and 

ia E [O, 1]: L" <:;al + (1 - a)L'} c [O, 1] 

are closed. 

In words, continuity means that small changes in probabilities do not change 
the nature of the ordering between two lotteries. For example, if a "beautiful and 
uneventful trip by car" is preferred to "staying home," then a mixture of the 
outcome "beautiful and uneventful trip by car" with a sufficiently small but 
positive probability of "death by car accident" is still preferred to "staying home." 
Continuity therefore rules out the case where the decision maker has lexicographic 
("safety first") preferences for alternatives with a zero probability of some outcome 
(in this case, "death by car accident"). 

As in Chapter 3, the continuity axiom implies the existence of a utility function 
representing <:;, a function U: !!) -> IR such that L <:; L' if and only if U(L) :?:: U(L'). 
Our second assumption, the independence axiom, will allow us to impose considerably 
more structure on U ( · ). 5 

Definition 6.B.4: The preference relation <:; on the space of simple lotteries Y 
satisfies the independence axiom if for all L, L', L" E !£' and a E (0, 1) we have 

L <:; L' if and only if al + (1 - a)L" <:;al' + (1 - a)L". 

In other words, if we mix each of two lotteries with a third one, then the preference 
ordering of the two resulting mixtures does not depend on (is independent of) the 
particular third lottery used. 

5. The independence axiom was first proposed by von Neumann and Morgenstern ( 1944) as 

an inci<lenlal result in the theory of games. 

i ! 

"'I 
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L L' 

L" 

if and only if 

L !:::; L' 

Suppose, for example, that L;;:: L' and a= l Then tL + !L" can be thought of 
as the compound lottery arising from a coin toss in which the decision maker gets 
L if heads comes up and L" if tails does. Similarly, tL' + would be the coin toss 
where heads results in L' and tails results in L" (see Figure 6.B.4). Note that 
conditional on heads, lottery 1L + !L" is at least as good as lottery !L' + !L"; but 
conditional on tails, the two compound lotteries give identical results. The indepen­
dence axiom requires the sensible conclusion that !L + !L" be at least as good as 

+ iL". 
The independence axiom is at the heart of the theory of choice under uncertainty. 

It is unlike anything encountered in the formal theory of preference-based choice 
discussed in Chapter I or its applications in Chapters 3 to 5. This is so precisely 
because it exploits, in a fundamental manner, the structure of uncertainty present in 
the model. In the theory of consumer demand, for example, there is no reason to 
believe that a consumer's preferences over various bundles of goods I and 2 should 
be independent of the quantities of the other goods that he will consume. In the 
present context, however, it is natural to think that a decision maker's preference 
between two lotteries, say L and L', should determine which of the 
to have as part of a compound lottery regardless of the other--possible outcome of -
this compound lottery, say L". This other outcome L" should be irrelevant to- hfs 
choice because, in contrast with the consumer context, he does not consume L or L' 
together with L" but, rather, only instead of it (if L or L' is the realized outcome). 

Exercise 6.B.1: Show that if the preferences ;;:: over ft' satisfy the independence 
axiom, then for all r:t. E (0, 1) and L, L', L" E ft' we have 

L >- L' if and only if r:t.L +(I - r:t.)L" >- r:t.L' + (1 - r:t.)L" 

and 

L L' if and only if r:t.L + (1 - r:t.)L" r:t.L' + (1 - r:t.)L". 

Show also that if L >- L' and L" >- L"', then r:t.L + (1 - a)L" >- a.L' + (1 - r:t.)L"'. 

As we will see shortly, the independence axiom is intimately linked to the 
representability of preferences over lotteries by a utility function that has an expected 
utility form. Before obtaining that result, we define this property and study some of 
its features. 

Figure 6.B.4 

The independence 
axiom. 
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Definition 6.B.5: The utility function U: 2!-> IR has an expected utility form if there is 
an assignment of numbers (u 1 , ... , uN) to the N outcomes such that for every 
simple lottery L = (p 1, ... , PN) E 2' we have 

U(L) = u,p, + · · · + UNPN· 

A utility function U: 2' -> IR with the expected utility form is called a 
van Neumann-Morgenstern (v.N M) expected utility function. 

Observe that if we let Ln denote the lottery that yields outcome n with probability 
one, then U(Ln) = un. Thus, the term expected utility is appropriate because with the 
v. N- M expected utility form, the utility of a lottery can be thought of as the expected 
value of the utilities un of the N outcomes. 

The expression U(L} = L:,. u11 p11 is a general form for a linear function in the 
prohabilit ies ( p 1, ••• , PN ). This linearity property suggests a useful way to think about 
the expected utility form. 

Proposition 6.B.1: A utility function U: !£-> IR has an expected utili_ty forf!J __ 
if it is linear, that is, if and only if it satisfies the property that - - --

u(J, aKLk) =kt, akU(Lk) (6.B.1) 

for any K lotteries Lk E Y, k = 1, ... , K, and probabilities (ix1, ... , aK) :2'. 0, Lk ixk = 1. 

Proof: Suppose that U( ·)satisfies property (6.B.I). We can write any L = (p 1, ... , PN) 
as a convex combination of the degenerate lotteries (L 1, •.• , LN), that is, L = Ln PnLn. 
We have then U(L) = U(L:,.pnLn) = LnPnU(Ln) = LnPnUn. Thus, U(") has the 
expected utility form. 

In the other direction, suppose that U( ·) has the expected utility form, and 
consider any compound lottery (L 1, ... , LK; ix 1, ... , ixK), where Lk = ... , 
Its reduced lottery is L' = Lk ixkLk. Hence, 

u(I akLk) = L un(L = L ak(L UnP!) = L C(k U(Lk)· 
k II k k n k 

Thus, property (6.B. I) is satisfied. • 

The expected utility property is a cardinal property of utility functions defined on 
the space of lotteries. In particular, the result in Proposition 6.B.2 shows that the 
expected utility form is preserved only by increasing linear transformations. 

Proposition 6.B.2: Suppose that U: .!11-> IR is a v.N-M expected utility function for the 
preference relation ;:;::: on!!,. Then D: !f -> IR is another v.N-M utility function for 
?:::: if and only if there are scalars fi > 0 and y such that U(L) = fiU(L) + y for 
every L E .:/,. 

Proof: Begin by choosing two lotteries [ and L with the property that [;:;::: L;:;::: L 
for all /, E .Y,. 6 If [ l,, then every utility function is a constant and the result 
follows immediately. Therefore, we assume from now on that [ >- f:. 

6. These best and worst lotteries can be shown to exist. We could, for example, choose a 
maximilcr and a minimizer of the linear, hence continuous, function U( ·) on the simplex of 
probabilities, a compact set. 
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Note first that if U( ·)is a v.N-M expected utility function and U(L) = {3U(L) + y, 
then 

a(J
1 

akLk) = {3u(t
1 

akLk) + Y 

= {3[kt akU(Lk)J + y 

K 

= L ak[f3U(Lk) + y] 
k=I 

K 

= L akU(Lk). 
k=I 

Since U( ·) satisfies property (6.B.1 ), it has the expected utility form. 
For the reverse direction, we want to show that if both U( ·) and U( ·) have· the 

expected utility form, then constants f1 > 0 and y exist such that U(L) = {JU(L) + y 
for all LEY. To do so, consider any lottery LE .P, and define A.LE [O, 1] by 

U(L) = A.1.U(L) + (1 - A.1JU(l,.). 

Thus 

A. = U(L) - U(L) 
1
· U(L) - U(L) 

(6.B.2) 

Since A.1. U(L) + ( 1 - A.1,)U(L) = U( A.1.L + (1 - A.1,)L) and U(-) represents the prefer­
ences <:;,it must be that L A.1,L + (1 - A.1,)l,.. But if so, then since U( ·)is also linear 
and represents these same preferences, we have 

U(L) = VU 1.L +(I - A.iJL) 

= A1.U(L) + (1 - A.1JV(L) 

= A.1.( V(L) - V(L)) + V(L). 

Substituting for A.1• from (6.B.2) and rearranging terms yields the conclusion that 
U(L) = /JU(L) + y, where 

and 

/J = D<ij - D(L) 
U(L) - U(L) 

- V(L) - V(L) 
y = U(L) - U(L) 

- - U(L) - U(L) 

This completes the proof • 

A consequence of Proposition 6.B.2 is that for a utility function with the expected 
utility form, differences of utilities have meaning. For example, if there are four 
outcomes, the statement "the difference in utility between outcomes I and 2 is greater 
than the difference between outcomes 3 and 4," u1 - u2 > u3 - u4 , is equivalent to 

iu1 + > iu2 + tu3. 

Therefore, the statement means that the lottery L = ct, 0, 0, D is preferred to the 
lottery L' = (0, i, i, 0). This ranking of utility differences is preserved by all linear 
transformations of the v.N-M expected utility function. 

Flgu 
utili• 
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Note that if a preference relation ;:;:: on !£ is representable by a utility function 
U( ·) that has the expected utility form, then since a linear utility function is 
continuous, it follows that ;:;:: is continuous on !£. More importantly, the preference 
relation ;:;:: must also satisfy the independence axiom. You are asked to show this in 
Exercise 6.R.2. 

Exercise 6.B.2: Show that if the preference relation ;:;:: on !£ is represented by a 
utility function U( ·) that has the expected utility form, then ;:;:: satisfies the 
independence axiom. 

The expected utility theorem, the central result of this section, tells us that the 
converse is also true. 

The £xpect ed Utility Theorem 

The expected utilif_r_{heorem says that if the decision maker's preferences over lotteries 
t}1e continuity and jpdependence axioms, then his preferences are representable 

by a utility function with the expected utility form. It is the most important result in 
thc-t.bcur.y.olcboice under uncertainty, and the rest of the book bears witness to its 
usefulness. ---·--·-·-·-

Before stating and proving the result formally, however, it may be helpful to 
attempt an intuitive understanding of why it is true. 

Consider the case where there arc only three outcomes. As we have already 
observed, the continuity axiom insures that preferences on lotteries can be represented 
by some utility function. Suppose that we represent the indifference map in the 
simplex, as in Figure 6.B.5. Assume, for simplicity, that we have a conventional 
map with one-dimensional indifference curves. Because the expected utility form is 
linear in the probabilities, representability by the expected utility form is equivalent 
to these indifference curves being straight, parallel lines (you should check this). 
Figure 6.B.5(a) exhibits an indifference map satisfying these properties. We now argue 
that these properties are, in fact, consequences of the independence axiom. 

Indifference curves are straight lines if, for every pair of lotteries L, L', we have 
that L L' implies a.L +(I - a.)L' L for all a. E [0,1]. Figure 6.B.5(b) depicts a 
situation where the indifTerence curve is not a straight line; we have L' L but 

Figure 6.B.5 Geometric explanation of the expected utility theorem. (a) is representable by a utility function with the expected 
utility form. (b) Contradiction of the independence axiom. (c) Contradiction of the independence axiom. 

Direction of 
Increasing 
Desirability 

(a) 

3 

Direction of 
Increasing 
Desirability 

(b) 

3 

Direction of 
Increasing 
Desirability 

(c) 

3 

IL' + 2 L" J J 



176 CH APTER 6: CH 0 ICE UNDER UNCERTAINTY 

1L' + 1L >- L. This is equivalent to saying that 

L' + i L >- t L + ! L. (6.B.3) 

But since L L', the independence axiom implies that we must have tL' + 1L 
+ (sec Exercise 6.B.1). This contradicts (6.B.3), and so we must conclude that 

indifference curves are straight lines. 
Figure 6.B.5(c) depicts two straight but nonparallel indifference lines. A violation 

of the independence axiom can be constructed in this case, as indicated in the figure. 
There we have L;::; L' (in fact, L L'), but iL + iL' + does not hold for 
the lottery L" shown in the figure. Thus, indifference curves must be parallel, straight 
lines if preferences satisfy the independence axiom. 

In Proposition 6.B.3, we formally state and prove the expected utility theorem. 

Proposition 6.B.3: (Expected Utility Theorem) Suppose that the rational preference 
relation ;::; on the space of lotteries .!£ satisfies the continuity and independence 
axioms. Then ;::; admits a utility representation of the expected utility form. That 
is, we can assign a number unto each outcome n = 1, ... , Nin such a manner 
that for any two lotteries L = (p 1 , ... , PN) and L' = (p;, ... , p(v), we have 

N N 

L;::; L1 if and only if L UnPn z L (6.B.4) 
n=1 n=1 

Proof: We organize the proof in a succession of steps. For simplicity, we assume that 
there arc best and worst lotteries in .!P, land {,(so, l;::; L;::; {,for any LE .!f). 7 If 
l {,, then all lotteries in !!) arc indifferent and the conclusion of the proposition 
holds trivially. Hence, from now on, we assume that l >- {,. 

Step I. If' L >- L' and a E (0, 1 ), then L >- aL + (1 - a)L' >- L'. 

This claim makes sense. A nondegeneratc mixture of two lotteries will hold a 
preference position strictly intermediate between the positions of the two lotteries. 
Formally, the claim follows from the independence axiom. In particular, since L >- L', 
the independence axiom implies that (recall Exercise 6.B.1) 

L =al+ (1 - a)L >- aL + (1 - a)L' >- aL' + (1 - a)L' = L'. 

Step 2. Let a,[J E [O, 1]. Then {Jl + (1 - {J)L >-al+ (1 - a){, if and only !l 
/i >a. 

Suppose that /j > a. Note first that we can write 

{Jl + (1 - /J)L = yl + (1 - y)[aL + (1 - a){,], 

where y = [(/J - a)/(1 - a)] E (0, 1]. By Step 1, we know that L >- aL + (1 - a)L. 
Applying Step l again, this implies that y[ + (1 - y)(aL + (1 - a)L) >-al+ (1 - a)[,, 
and so we conclude that /Jl + (1 - {3){, >- aL + (1 - a)[,. 

For the converse, suppose that fJ :<::::; a. If fJ = a, we must have {JL + (1 - fJ)L 
al+ (1 - a){,. So suppose that fJ <a. By the argument proved in the previous 

7. In fact, with our assumption of a finite set of outcomes, this can be established as a 
consequence of the independence axiom (see Exercise 6.8.3). 
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paragraph (reversing the roles of a and {3), we must then have al+ (1 - a)L >­
/J[ + (I - fi)L. 

Step 3. For any LE![, there is a unique a1• such that [L.<1,L + (1 - aL)L] L. 

Existence of such an L.<1• is implied by the continuity of ;:;:: and the fact that L and L 
are, respectively, the best and the worst lottery. Uniqueness follows from the result 

of Step 2. 

The existence of a,, is established in a manner similar to that used in the proof of Proposition 
3.C. I. Specifically, define the sets 

[H [O, I]: aJ: +(I - a)L,;;: L} and {H [O, !]: L;;: a[+ (1 - a)L}. 

By the continuity and completeness of ;;:, both sets are closed, and any a E [O, 1] belongs to 
at least one of the two sets. Since both sets arc nonempty and [O, 1] is connected, it follows 

that there is some a belonging to both. This establishes the existence of an rJ.L such that 
rt.1.L +(I --

Step 4. 1'11e Junction U: .'.[--> IR that assigns U(L) = a1, for all LE .Y' represents 
thr preference relation ;:;:;. 

Observe that, by Step 3, for any two lotteries L, L' E 2', we have 

L;:;:: L' if and only if a1,I +(I - a1.)L;:;:: al.'L + (1 - L>'.L·)L. 

Thus, by Step 2, L ;:;:: L' if and only if a1. ?: aL .. 

Step 5. Thr utility Junction U( ·) that assigns U(L) = aL f<Jr all LE!£' is linear 
and therefiJr<' has the expected utility form. 

We want to show that for any L, L' E !!',and fj E [O, 1 ], we have U(fiL + (1 - fJ)L') = 
/fU(L) + (I - /l)U(L'). By definition, we have 

L U(L)[ + (1 - U(L))L 

and 

L' U(L')[ + (1 - U(L'))L. 

Therefore, by the independence axiom (applied twice), 

/IL+ (I - /i)L' {J[U(L)[ + (1 - U(L))L] + (1 - /J)L' 

/i[U(L)I + (1 - U(L))L] + (1 - fi)[U(L')L + (1 - U(L'))L]. 

Rearranging terms, we see that the last lottery is algebraically identical to the 
lottery 

[/JU(L) + (1 - /J)U(L')]i + [1 - /3U(L) - (1 - /3)U(L')]L. 

In other words, the compound lottery that gives lottery [ U(L)L + (1 - U(L))L] with 
probability /J and lottery [U(L')L +(I - U(L'))L] with probability (1 - fl) has the 

same reduced lottery as the compound lottery that gives lottery L with probability 

[/fU(L) + (l - fJ)U(L')] and lottery L with probability [1 - f3U(L) - (1 - f3)U(L')]. 
Thus 

fiL + (1 - /J)L' [/JU(L) + (1 - f3)U(L')]i + [1 - /3U(L) - (1 - {3)U(L')]L. 
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By the construction of U( ·) in Step 4, we therefore have 

U(/JL + (1 - /J)L') = {JU(L) + (1 - {J)U(L'), 

as wc wanted. 

Together, Steps I to 5 establish the existence of a utility function representing 
that has the expected utility form. • 

Discussion of the Theory of Expected Utility 

A first advantage of the expected utility theorem is technical: It is extremely 
convenient analytically. This, more than anything else, probably accounts for its 
pervasive use in economics. It is very easy to work with expected utility and very 
difficult to do without it. As we have already noted, the rest of the book attests to 
the importance of the result. Later in this chapter, we will explore some of the 
analytical uses of expected utility. 

A second advantage of the theorem is normative: Expected utility may provide 
a valuable guide to action. People often find it hard to think systematically about 
risky alternatives. But if an individual believes that his choices should satisfy the 
axioms on which the theorem is based (notably, the independence axiom), then the 
theorem can be used as a guide in his decision process. This point is illustrated in 
Example 6.B.1. 

Example 6.8.1: Expected Utility as a Guide to Introspection. A decision maker may 
not be able to assess his preference ordering between the lotteries L and L' depicted 
in Figure 6.B.6. The lotteries are too close together, and the differences in the 
probabilities involved are too small to be understood. Yet, if the decision maker 
believes that his preferences should satisfy the assumptions of the expected utility 
theorem, then he may consider L" instead, which is on the straight line spanned by 
L and L' but at a significant distance from L. The lottery L" may not be a feasible 
choice, but if he determines that L" >- L, then he can conclude that L' >- L. Indeed, 
if L" >- L, then there is an indifference curve separating these two lotteries, as shown 
in the figure, and it follows from the fact that indifference curves are a family of 
parallel straight lines that there is also an indifference curve separating L' and L, so 
that L' >- L Note that this type of inference is not possible using only the general 

3 

L" >- L 
implies L' >- L 

Figure 6.B.6 

Expected utility as a 
guide to introspection. 
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250 6 • Games with Communication 

job). In such situations, it might still be possible for the players to 
communicate and coordinate with each other. We say that a game is 
with communication if, in addition to the strategy options explicitly spec-
ified in the structure of the game, the players have a very wide range 
of implicit options to communicate with each other. Aumann (1974) 
showed that the solutions for games with communication may have 
remarkable properties, even without contracts. 

Consider the example in Table 6.4. Without communication, there 
are three equilibria of this game: (x,,x2), which gives the payoff alloca-
tion (5,1); (y,,y2), which gives the payoff allocation (1,5); and a random-
ized equilibrium, which gives the expected payoff allocation (2.5,2.5). 
The best symmetric payoff allocation (4,4) cannot be achieved by the 
players without binding contracts, because (y1,x2) is not an equilibrium. 
However, even without contracts, communication can allow the players 
to achieve an expected payoff allocation that is better for both than 
(2.5,2.5). For example, the players might plan to toss a coin and choose 
(x,,x2) if Heads occurs or (y,,y2) if Tails occurs, and thus implement the 
correlated strategy 0.5[x1 ,x2] + 0.5[y,,y2]. Even though the coin toss has 
no binding force on the players, such a plan is self-enforcing, in the sense 
that neither player could gain by unilaterally deviating from this plan. 

With the help of a mediator (that is, a person or machine that can help 
the players communicate and share information), there is a self-enforc-
ing plan that generates an even better expected payoff allocation 
(31/2, 31/2). To be specific, suppose that a mediator randomly recom-
mends strategies to the two players in such a way that each of the pairs 
(x1,x2), (Y02), and (Y1,x2) is recommended with probability 1/3. Suppose 
also that each player learns only his own recommended strategy from 
the mediator. Then, even though the mediator's recommendation has 
no binding force, there is a Nash equilibrium of the transformed game 
with mediated communication in which both players plan to always obey 

Table 6.4 A game in strategic form 

C2 

C 1 	 X2 	 Y2 

x, 	 5,1 	 0,0 
Yi 	 4,4 	 1,5 
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the mediator's recommendations. If player 1 heard a recommendation 
"y," from the mediator, then he would think that player 2 was told to 
do x2  or y2  with equal probability, in which case his expected payoff 
from y, would be as good as from x1  (2.5 from either strategy). If player 
1 heard a recommendation "x," from the mediator, then he would know 
that player 2 was told to do x2, in which case his best response is x1. So 
player 1 would always be willing to obey the mediator if he expected 
player 2 to obey the mediator, and a similar argument applies to player 
2. That is, the players can reach a self-enforcing understanding to each 
obey the mediator's recommendation when he plans to randomize in 
this way. Randomizing between (x,,x2), (y1,y2), and (y,,x2) with equal 
probability gives the expected payoff allocation 

1/2(5,1) + 1/2(4,4) + 1/2(1,5) = (31/2, 31/2). 

Notice that the implementation of this correlated strategy 1/2[x 1,x2] + 
1/2[y,,y2] + 1/2[yi ,x2] without contracts required that each player get 
different partial information about the outcome of the mediator's ran-
domization. If player 1 knew when player 2 was told to choose x2, then 
player 1 would be unwilling to choose y, when it was also recommended 
to him. So this correlated strategy could not be implemented without 
some kind of mediation or noisy communication. With only direct un-
mediated communication in which all players observe anyone's state-
ments or the outcomes of any randomizations, the only self-enforcing 
plans that the players could implement without contracts would be 
randomizations among the Nash equilibria of the original game (without 
communication), like the correlated strategy .5[x,,x2] + .5[y ,,y2] that we 
discussed earlier. (However, Barany, 1987, and Forges, 1990, have 
shown that, in any strategic-form and Bayesian game with four or more 
players, a system of direct unmediated communication between pairs 
of players can simulate any centralized communication system with a 
mediator, provided the communication between any pair of players is 
not directly observable by the other players.) 

Consider now what the players could do if they had a bent coin for 
which player 1 thought that the probability of Heads was 0.9 while 
player 2 thought that the probability of Heads was 0.1, and these as-
sessments were common knowledge. With this coin, it would be possible 
to give each player an expected payoff of 4.6 by the following self-
enforcing plan: toss the coin and then implement the (x,,x2) equilibrium 
if Heads occurs, and implement the (y1,y2) equilibrium otherwise. 




























































































